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* Theorem

_et S be a partition of a set X. Define x Ry to
mean that for some set S in S, both x and'y
pelong to S. Then R is reflexive, symmetric, and
transitive.

Proof.

Let x € X. By the definition of partition, x belongs to
some member S of S. Thus x R x and R is reflexive.

Supgose that x R y. Then both x and %/ belong to some
set S € S. Since bothy and x belongto S,y R xand R
IS symmetric.

Finally, suppose that x Ry and y R z. Then both x and

y belong to some set S € S and both y and z belong to

some set T € S. Since y belongs to exactly one
member of S, we must'’have S = T. Therefore, both x
tand z_tbelong to S and x R z. We have shown that R is
ransitive.




' A A
Equivalence Relations

 Example
— Consider the partition S = {{1,3,5}, {2,6}, {4}}
Of X = {11213141516}'

— What is the relation R on X as given by the
preceding theorem?
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 Definition
— Arelation that is reflexive, symmetric, and

transitive on a set X is called an equivalence
relation on X.

* Are any of the following relations
equivalence relations?
— the relation R = {(1,1), (1,3), (1,5), (2,2), (2,4),
(3,1), (3,3), (3,5), (4.2), (4,4), (5.1), (5,3), (5.5)}
— the relation R on X ={1,2,3,4} defined by (x,y) €
RIf X<y, X,y e X

— the relation R = {(a,a), (b,c), (c,b), (d,d)} on X =
{a,b,c,d}
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* Theorem

— Let R be an equivalence relation on a set X. For
eacha e X, let[a] ={x € X | xR a}. (In words, [a]
IS the set of all elements in X that are related to
a.) Then S = {[a] | a € X} Is a patrtition of X.

— Proof.

« We must show that every element in X belongs to
exactly one member of S. Leta € X. SinceaR a, a €

[a]. Thus every element in X belongs to at least one
member of S.

* |t remains to show that every element in X belongs to
exactly one member of S; that is,

If x e Xand x € [a] n [b], then [a] = [b].
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— Proof (continued).

« We first show that for all ¢, d € X, if c R d, then [C]
= [d]. Suppose thatc R d. Let x € [c]. Then X R c.
Since ¢ R d and R is transitive, X R d. Therefore, x
e [d] and [c] < [d]. The argument that [d] < [c] IS
the same as that just given, but with the roles of c
and d interchanged. Thus [c] = [d].

« We now prove the following claim.
If x e Xand x € [a] " [b], then [a] = [b].
Assume that x e Xand x € [a] n [b]. ThenXx R a

and x R b. Our preceding result shows that [x] = [a]
and [x] = [b]. Thus [a] = [b].
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* Definition
— Let R be an equivalence relation on a set X. The sets

[a] as defined In the preceding theorem are called
the equivalence classes of X given by the relation R.

« Examples

— Given the equivalence relation R = {(1,1), (1,3), (1,5),
(3.1), (3,3), (3,5), (5,1), (5,3), (5,5), (2,2), (2,6), (6,2),
(6,6), (4,4)} on X ={1,2,3,4,5,6}, determine the
equivalence classes [1], [2], [3], and [4].

— What are the equivalence classes for the
equivalence relation R ={(1,1), (1,3), (1,5), (2,2),
(2,4), (3,1), (3,3), (3,5), (4,2), (4,4), (5,1), (5,3), (5,5)}?
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* Theorem

— Let R be an equivalence relation on a finite
set X. If each equivalence class has r
elements, there are |X|/r equivalence classes.

— Proof.

» Let X;, X,, ..., X, denote the distinct equivalence
classes.

» Since these sets partition X, |X| = [X,| + |X,| + - +
IX,| =r+r+--+7r=krand the conclusion follows.
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« Example

— The matrix of the relation R = {(1,b), (1,d),
(2,c), (3,c), (3,b), (4,a)} from X ={1,2,3,4} to
Y ={a,b,c,d} relative to the orderings 1, 2, 3,
4anda, b,c,dis

a b c d
1 0 1 0 1
2 0 0 1 O
30110
410 0 0
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« Example

— The matrix of the relation R = {(1,b), (1,d),
(2,c), (3,c), (3,b), (4,a)} from X ={1,2,3,4} to
Y ={a,b,c,d} relative to the orderings 2, 3, 4,
landd, Db, a, cis

R B~ WODN

R O O O QO
R O F» O T
o rr O O 2
o O Fr k O
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« Example

— The matrix of the relation R from {2,3,4} to
{5,6,7,8}, relative to the orderings 2, 3, 4 and
5, 6, 7, 8, defined by

X Ry if xdividesy

IS 5 6 7 8
20000001
3.0 1.0 0
Apiigiigiig

12



@ @@
Matrices of Relations

« Example

— The matrix of the relation R = {(a,a), (b,b),
(c,c), (d,d), (b,c), (c,b)} on {a,b,c,d}, relative
to the ordering a, b, c, d, Is

o O T Q2

© O O +— D
(@ BESY oniRRl sna Bt 0 FESY e 1
(€ BERY o BERY (oo RS 0 FENS ep
 oanBERE € EREE e RERE @ BigS oo
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« How to determine whether a relation R on a
set X IS

— reflexive?
« if and only if A has 1’'s on the main diagonal
 if and only if (X,x) € R for all x € X
— symmetric?
e if and only if A Is symmetric about the main diagonal

e if and only if for all i and |, the ijth entry of A Is equal to
the jith entry of A

— antisymmetric?
« whenever the ijth entry is 1, | # |, the jith entry is not 1
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« Example

— Let R, be the relation from X ={1,2,3}to Y =
{a,b} defined by R, = {(1,a), (2,b), (3,2), (3,b)},
and let R, be the relation from Y to Z = {x,y,z}
defined by R, = {(a,x), (a,y), (b,y), (b,z)}.

— The matrix of R, relative to the orderings 1, 2,

3anda, bis 2 b
ipE e e o

A, =2 0 1

S |
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— and the matrix of R, relative to the orderings

a,bandx,y, zis

X Z

Y
s e e §
A2:

0 BEEEEH O HESSEESY ESTibTy o

— The product of these matrices is

AA, =

R, O kb X
N e N
P B O N
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« Equivalence
Relations
« Matrices of Relations
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